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ABSTRACT | The message-passing approach to model-based
signal processing is developed with a focus on Gaussian
message passing in linear state-space models, which includes
recursive least squares, linear minimum-mean-squared-error
estimation, and Kalman filtering algorithms. Tabulated mes-
sage computation rules for the building blocks of linear models
allow us to compose a variety of such algorithms without
additional derivations or computations. Beyond the Gaussian
case, it is emphasized that the message-passing approach
encourages us to mix and match different algorithmic tech-
niques, which is exemplified by two different approaches—
steepest descent and expectation maximization—to message
passing through a multiplier node.
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I. INTRODUCTION

Graphical models such as factor graphs allow a unified
approach to a number of topics in coding, signal
processing, machine learning, statistics, and statistical
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physics. In particular, many algorithms in these fields have
been shown to be special cases of the basic sum-product
and max-product algorithms that operate by message
passing in a factor graph [1]-[3]. In this paper, we
elaborate on this topic with an emphasis on signal
processing. We hope to convey that factor graphs continue
to grow more useful for the design of practical algorithms
for model-based detection and estimation problems in-
volving many (discrete and/or continuous) variables. In
particular, the factor graph approach allows us to compose
nontrivial algorithms for such problems from tabulated
rules for “local” computations corresponding to the
building blocks of the system model; it also encourages
us to mix and match a large variety of techniques ranging
from classical Gaussian and gradient techniques over
expectation maximization (EM) to sequential Monte Carlo
methods (particle filters).

Factor graphs are graphical models [4]-[7]. In many
respects, the different notation systems for graphical
models (Bayesian networks [7], [8], Markov random fields
[7], [9], junction graphs [10], [11], etc.) are essentially
equivalent, but there are some real differences when it
comes to practical use. Indeed, some of the material of this
paper (in particular, in Sections IV, V, and Appendix III)
is not easily expressed in other notation systems.

While much interesting recent work on graphical
models specifically addresses graphs with cycles (e.g.,
[12]-[21]), the present paper is mostly concerned with
cycle-free graphs, or with cycle-free subgraphs of complex
system models. We will encounter some factor graphs with
cycles, though.

The message-passing approach to signal processing was
suggested in [2], [22] and has been used, e.g., in [23]-[39]
for tasks like equalization, multi-user detection, multiple-
input multiple-output (MIMO) detection, channel estima-
tion, etc. The literature on graphical models for general
inference problems is vast. For example, factor graphs have
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Fig. 1. Forney-style factor graph.
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also been used for link monitoring in wireless networks
[40], for genome analysis [41], and for clustering [42].

This paper begins with an introduction to factor
graphs that complements [2] and [3]. We then turn to an
in-depth discussion of Gaussian message passing for linear
models, i.e., Kalman filtering and some of its ramifica-
tions. In particular, we will present tabulated message
computation rules for multivariate Gaussian messages
that are extensions and refinements of similar tables in [3]
and [33]. With these tables, it is possible to write down
(essentially without any computation) efficient Gaussian/
linear minimum-mean-squared-error (LMMSE) estima-
tion algorithms for a wide variety of applications, as is
illustrated by several nontrivial examples.

Beyond the Gaussian case, we will address the
representation of messages for continuous variables and
of suitable message computation rules. A wide variety of
algorithmic techniques can be put into message-passing
form, which helps to mix and match these techniques in
complex system models. To illustrate this point, we
demonstrate the application of two different techniques,
steepest descent and expectation maximization, to mes-
sage passing through a multiplier node.

Some background material on multivariate Gaussian
distributions and LMMSE estimation is summarized in
Appendix I. Appendix II contains the proofs for Section V.
Appendix III reviews some results by Forney on the
Fourier transform on factor graphs [43] and adapts them to
the setting of the present paper.

The following notation will be used. The transpose of a
matrix (or vector) A is denoted by AT; A" denotes the
complex conjugate of AT; A* denotes the Moore—Penrose
pseudo-inverse of A; and “o<” denotes equality of functions
up to a scale factor.

IT. FACTOR GRAPHS

We review some basic notions of factor graphs. For com-
plementary introductions to factor graphs and their history
and their relation to other graphical models, we refer the
interested reader to [2] and [3]. Other than in [2], we will
use Forney-style factor graphs (also known as ‘“normal
factor graphs™) as in [3]. (The original factor graphs [2]
have both variable nodes and factor nodes. Forney-style
factor graphs were introduced in [43], but we deviate in
some details from the notation of [43].)
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Assume, for example, that some function f(u,w,x,y, z)
can be factored as

f(u, w, X, Y, z) = fl(“)fZ(“a w, x)f3(x’)’7 Z)f4(Z). 1)

This factorization is expressed by the factor graph shown
in Fig. 1. In general, a (Forney-style) factor graph consists
of nodes, edges, and “half-edges” (which are connected
only to one node), and there are the following rules.

1) There is a (unique) node for every factor.

2) There is a (unique) edge or half-edge for every
variable.

3) The node representing some factor g is connected
with the edge (or half-edge) representing some
variable x if and only if g is a function of x.

Implicit in these rules is the assumption that no
variable appears in more than two factors. We will see
below how this restriction is easily circumvented.

A main application of factor graphs are stochastic
models. For example, let X be a real-valued random
variable and let Y; and Y, be two independent real-valued
noisy observations of X. The joint probability density of
these variables is

FO,y15y2) = FO)f (y]x)f (yalx) (2)

which we claim is represented by the factor graph of
Fig. 2. Literally, Fig. 2 represents an extended model with
auxiliary variables X’ and X” and with joint density

f(x’ xlvxllvyhyZ) = f(x)f(y1|x/)f(y2|x”)f:(x, xlax”) (3)

where the equality constraint “function”

Fo (e, ") 2 8 — %) 8 — ¥) (4)

frix Fralx

Y,

Fig. 2. Factor graph of (2) and (3).
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(with 8(-) denoting the Dirac delta) enforces P(X = X') =
P(X = X") = 1. Clearly, (2) is a marginal of (3)

f(xayhyz)://f(x7X’,X"vyl,yz)dX’dX”- ©)
XX

For most practical purposes, equality constraint nodes
(such as the node labeled “=" in Fig. 2) may be viewed
simply as branching points that allow more than two
factors to share some variable.

Assume now that Y; and Y, are observed and that we
are interested in the a posteriori probability f(x | y1,y,). For
tixed y; and y,, we have

flxly1,y2) o fx,y1,y2) (6)

where “oc” denotes equality up to a scale factor. It follows
that f(x|y1,y2) is also represented by the factor graph of
Fig. 2 (up to a scale factor). This clearly holds in general:
passing from some a priori model to an a posteriori model
[based on fixing the value of some variable(s)] does not
change the factor graph.

We will usually denote unknown variables by capital
letters and known (observed) variables by small letters.
(Formally, a B-valued known variable is an element of B
while a B-valued unknown variable is a function from the
configuration space into B [3].) For the factor graph of
f(x|y1,y2), we would thus modify Fig. 2 by replacing Y; by
y2 and Y3 by y;, if these variables are known (observed).

A more detailed version of Fig. 2 is shown in Fig. 3,
where we assume

1 =X+7 (7)
Y, =X+2, )
fx
X
=
] ol
| Zh | | Zs |
A e BT ]
TFax ] R Foax
)4 Y,

Fig. 3. More detailed version of Fig. 2.

with random variables Z; and Z, that are independent of
each other and of X. The nodes labeled “+” represent the
factors 8(x +z; —y;) and 8(x + zp — y»), respectively. As
illustrated by this example, the (Forney-style) factor graph
notation naturally supports modular and hierarchical system
modeling. Fig. 3 also illustrates the use of arrows and of
> and “4-”) to define factors and
to make factor graphs readable as block diagrams.

b}

special symbols (such as “=

As a nonstochastic example, consider the following
system identification problem. Let U}, and ?k, k € Z,be the
real-valued input signal and the real-valued output signal,
respectively, of some unknown system that we wish to
approximate by a linear finite impulse response (FIR) filter
of order M

M

Y, = Z heUp—¢ )
=0

?k =Y, + 7. (10)

The slack variable Z;, absorbs the difference between the
filter output Y), and the observed output Y. Assume that
we know both the input signal Up =u, k= -M+1,
—M+2,...,N and the output signal Y, = Y R=1,2,
...,N. We wish to determine the unknown filter coef-
ficients hy, . .., hy such that the squared error lejzl Z% is
as small as possible.

We first note that minimizing Zi’zl Z} is equivalent to
maximizing

N N 252
H e72£/2‘72 —e Zk:] zk/20'

k=1

(11)

(for arbitrary positive 02) subject to the constraints (9)
and (10).

For later use, we rewrite (9) as
(12)

with the row vector [u],2 2 (U, Up—1, - - -, Up—p) and the
column vector H = (hg, hy, ..., hy)".

A factor graph of this example is shown in Fig. 4. The
lower part represents the unconstrained cost function (11)
and the linear constraint (10); the upper part represents
the linear constraint (12), i.e., the factors 6(y, — [u] H) for
k=1,2,...,N.

Note that the original least-squares problem to
determine the filter coefficients is equivalent to maximiz-
ing the function represented by Fig. 4 over all assignments
of values to all unknown variables. We will see in Section V
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constraints

cost function

Fig. 4. Two sections of factor graph for FIR filter
identification problem.

how efficient recursive least-squares algorithms (RLS) for
this maximization may be obtained from tabulated rules
for Gaussian message-passing algorithms.

ITII. MESSAGE-PASSING ALGORITHMS

We briefly review the basic sum-product and max-product
algorithms [2], [44]. In this section, the emphasis will be
on cycle-free factor graphs.

A. Sum-Product Algorithm
For some given function f(xy, . ..
wish to compute

,X,), assume that we

fulw) 2 xz £, .. 13)

1yeees Xn
except x,

7xn)~

If f(Xl, .o
random variables X, . ..
mass function of Xj,.

In later sections, we will primarily be interested in
continuous variables. In this case, the summation in (13) is

.,Xy) is a probability mass function of discrete
, Xy, then (13) is the probability

replaced by integration.

If f(Xl, ..
tion (13) can be computed by the sum-product algorithm,
which splits the “big” marginalization (13) into a sequence
of “small” marginalizations. For example, assume that
f(x1,...,x7) can be written as

., Xn) has a cycle-free factor graph, the func-

flx, - x7) = fila)fa(x2)fs (%1, X2, x3)fa (xa)

 f5 (3, x4, X5 )fe (x5, X6, X7)f7 (x7)  (14)
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as in the factor graph in Fig. 5. Assume that we wish to
compute f3(x3). It is easily verified that

fa(xs) = pc(xs)pan (xs) (15)

with
e (x3) é;fmxofz(xz)fa(xhxm) (16)

and
ip(xs) 2 D filwfsnsexs)urles) (17

with
r(xs) =3 folxs, 6, %7)fr (7). (18)

X6, X7

The quantities pic, pp, and g in (15)—(18) may be viewed
as summaries of the dashed boxes in Fig. 5, which are
obtained by eliminating the variables inside the box by
summation. Such summaries may be thought of as
messages in the factor graph, as is shown in Fig. 5.

With the trivial summaries/messages [ (x1) 2 fi(xr),
and pp(xy) = fo(x2), we can write (16) as

pe(s) = D filw,x, xs)uale)s(a).  (19)

X1, X2

Similarly, with the trivial summaries jg(x4) 2 fa(xs) and

e (x7) 2 f7(x7), we can write (17) as

A

pn(xs) = fs (3, x4, %5 g (xa ) ur(xs) - (20)
X4, X5

i f2 fa fr

il ixfye x|

: X, X X5 6 1

| D — L i < LI L1 D

Lofi Ba o fs M BDL fs BFL o fe Do

Fig. 5. “summarized” factors as messages in factor graph.
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and (18) as

pe(xs) 2 Zf6(X5»X6,X7)MG(X7)-

X6, X7

(21)

All these messages/summaries (19)—-(21) are formed
according to the following rule.

Sum-Product Rule: The message out of some node/factor
f¢ along some edge X, is formed as the product of f; and all
incoming messages along all edges except X}, summed over
all involved variables except Xj.

From this example, it is obvious that the marginal fi,(x)
may be obtained simultaneously for all k by computing two
messages, one in each direction, for every edge in the
factor graph. The function f, is the product of these two
messages as in (15).

We also observe the following.

1) The sum-product algorithm works for any cycle-
free factor graph.

2) Open half-edges such as X¢ in Fig. 5 do not carry
an incoming message. Equivalently, they may be
thought as carrying the constant function
p#(x) =1 as incoming message.

3) Known variables such as y, in Fig. 4 are simply
plugged into the corresponding factors; they are
not otherwise involved in the algorithm.

4) It is usually (but not always!) sufficient to know
the “marginal” (13) up to a scale factor. In such
cases, it suffices to know the messages only up
to a scale factor. The option to freely scale
messages is often essential for numerically
reliable computations.

Since the sum-product rule is a “local” computation, it
can be applied also to factor graphs with cycles. The sum-
product algorithm then becomes an iterative algorithm
where messages are recomputed according to some schedule
until some stopping criterion is satisfied or until the available
time is over. The algorithm may be initialized by assigning to
all messages the neutral constant function p(x) = 1.

B. Max-Product Algorithm
Assume we wish to maximize some function

fla, ...

,Xy), i.e., we wish to compute

(X1,...,%) = argmax f(xy, ..., %) (22)
X1yeeey Xn
where we assume that f has a maximum. Note that
X, = arg maxfk(xk) (23)

Xk

.: Factor Graph Approach to Model-Based Signal Processing

with

fulbw) £ max flu,...x). (24)

except x,

If f(xl, ..
(24) can be computed by the max-product algorithm. For

., %) has a cycle-free factor graph, the function
example, assume that f(x;,...,x;7) can be written as in
(14), which corresponds to the factor graph of Fig. 5.
Assume that we wish to compute f5(x3). It is easily
verified that

f3(x3) = pc(x3) up(x3) (25)

with s ...puc defined as in (16)-(21) except that
summation is everywhere replaced by maximization. In
other words, the max-product algorithm is almost
identical to the sum-product algorithm except that the
messages are computed as follows.

Max-Product Rule: The message out of some node/factor
fr along some edge X, is formed as the product of f; and all
incoming messages along all edges except X}, maximized
over all involved variables except X.

The remarks at the end of Section III-A apply also to
the max-product algorithm. In particular, the “max-
marginals” fk(xk) may be obtained simultaneously for all
k by computing two messages, one in each direction, for
every edge in the factor graph; fk(xk) is the product of
these two messages as in (25).

The analogies between the sum-product algorithm
and the max-product algorithm are obvious. Indeed, the
sum-product algorithm can be formulated to operate
with abstract addition and multiplication operators “®”
and “®”, respectively, and setting “®” = “max” then
yields the max-product algorithm [22, Sec. 3.6], [10].
Translating the max-product algorithm into the logarith-
mic domain yields the max-sum (or min-sum) algorithm
[2], [10], [22].

C. Arrows and Notation for Messages

The use of ad hoc names for the messages (such as
Has - - -
therefore use the following systematic notation. Let X be
a variable that is represented by a directed edge (i.e., an
edge depicted with an arrow). Then, /jx denotes the

,ic in Fig. 5) is often unsatisfactory. We will

message that flows in the direction of the edge and /Tx
denotes the message in the opposite direction. We will
sometimes draw the edges with arrows just for the sake of
this notation (e.g., the edge X in Fig. 6 and all edges in
Fig. 7).

Vol. 95, No. 6, June 2007| PROCEEDINGS OF THE IEEE 1299
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Fig. 6. Message passing in Fig. 3.

D. Example

For a simple example, consider sum-product message
passing in the factor graph of Fig. 3 to compute the a
posteriori probability f(x|y1,y2) for known (observed)
Y; = y; and Y, = y;. The required messages are indicated
in Fig. 6. Note that

f(x[y1y2) o<fx,y1,y2) (26)
= EX(X):‘_LX(X) (27)

By the rules of the sum-product algorithm, we have
iz, (21) =fz(21) (28)
Hiz,(22) = [z, (22) (29)
i) = [86 +m =iy )i (30)
=fz(y — ) (31
i (¢ /5 (' 2 —y2) iy, (22)dz (32)
_fzz Y2 — ) (33)

/ / x —x')6(x — x")

NX/( )NX”( )dx'dx” (34)
= ﬁx’ (x)ﬁx” (x) (35)
= fo.(y1 = fz, (y2 — ) (36)
fix(x) = fe(x)- (37)

In this example, the max-product algorithm computes
exactly the same messages.
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E. Marginals and Output Edges

Both in the sum-product algorithm and in the max-
product algorithm, the final results are the marginals
iy by of the variables (such as X) of interest. It is often
convenient to think of such marginals as messages out of a
half-edge X (without incoming message) connected to
X(= X') as shown in Fig. 7; both by the sum-product rule
and by the max-product rule, we have

s = [ [ o= st )
X X'
: ﬁx (x”)ﬁx’ (x')dx'dx” (38)
= l_ix (x)(/:x’ (x). (39)

It follows that the message computation rules for margin-
als coincide with the message computation rules out of
equality constraint nodes (as, e.g., in Table 2).

IV. LINEAR STATE-SPACE MODELS

Linear state-space models are important in many applica-
tions; some examples will be given in the following. In
Section V, we will discuss Gaussian sum-product and max-
product message passing in such models.

The general linear state-space model may be described
as follows. For k =1,2,3,...,N, the input Uy, the output
Y}, and the state X, are (real or complex) scalars or vectors
coupled by the equations

Xy = ApXp-1 + BrUg
Y = GeXp

(40)
(41)

where A, B, and Cj, are (real or complex) matrices of
suitable dimensions. The factor graph corresponding to
these equations is given in Fig. 8.

Note that the upper part of Fig. 4 is a special case of
Fig. 8 without input (i.e., B, = 0), with Xj, = H, with A an
identity matrix, and with C, = [u],.

As exemplified by Fig. 4, linear state-space models
are often combined with quadratic cost functions or

Fig. 7. Adding an output half-edge X to some edge X.
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Uk
X1 [ Xk
A [+] =1
Yy

Fig. 8. Factor graph of general linear state-space model (40), (41).

(equivalently) with Gaussian noise models. The factor
graph approach to this classical happy combination is the
core of the present paper. A key feature of this com-
bination is that the sum-product algorithm coincides with
the max-product algorithm (up to a scale factor) and that
all messages are Gaussians (or degenerate Gaussians), as
will be discussed in Section V and Appendix I.
We will now give two more examples of this kind.

A. Equalization

Consider the transmission of real symbols U,
k=1,...,N, over a discrete-time linear intersymbol
interference channel with additive white Gaussian noise.
The received real values Yy, k =1,...,N, are given by

M
Vo= hU(+7Z (42)

(=0
where Z,, k =1,...,N are i.i.d. zero-mean Gaussian ran-
dom variables with variance 02 and where hy, ..., hy are

known real coefficients. (The initial channel state Uy, U_1,
..., U_pm4+1 may be known or unknown, depending on the
application.)

We bring (42) into the state-space form (40), (41) by
defining Y; 2 Y. — Z (the noise-free output), X, 2 (Uk,

RN Uk_M)T, and the matrices

A, A0 O
Ak—A—<IM 0) (43)
(where Iy denotes the M X M identity matrix) and
B, 2B 2 (1,0,...,0)" (44)
A A
Ck :C:(ho,hl,...7hM). (45)

The factor graph of the model (42) is shown in Fig. 9.
The dashed box at the top of Fig. 9 represents a code
constraint (e.g., the factor graph of a low-density parity
check code) or another model for Uy, if available.

The factor graph in Fig. 9 (without the dashed box)
represents the likelihood function f(y,y,z[u) for

us (urs ... un), y=(y1,-..,yn), etc. If the dashed box
in Fig. 9 represents an a priori density f(u), then the total
graph in Fig. 9 represents

f(u)f(,ﬁy,zlu) :f(uﬂjayv Z)
ch(u’))az|)~))'

(46)
(47)

If, in addition, the dashed box in Fig. 9 does not introduce
cycles, then the sum-product messages along Uy, satisfy

fhy, (ue) iy, (ue) o< f(uly) (48)

from which the symbol-wise MAP (maximum a posteriori)
estimate of U, may be obtained as

i, = arg max iy, (u) g, (w)- (49)

Uk

If the dashed box introduces cycles, we may use iterative
(“turbo”) message passing and still use (49) to obtain an
estimate of U,. Efficient algorithms to compute the
messages HUk will be discussed in Section V-B.

B. Separation of Superimposed Signals
Let U= (Uy,.. .,UK)T be a K-tuple of real-valued
random variables, let H be a real N X K matrix, let

,Un E

i code or other model for Uy, ...

Fig. 9. Factor graph for equalization.
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Y = HU, and let

Y=HU+Z
=Y+7Z

(50)
(51)

where Z = (Z,... ,ZN)T is an N-tuple of real zero-mean
i.i.d. Gaussian random variables with variance ¢?. Based
on the observation Y = j, we wish to compute p(u|y)
and/or a LMMSE estimate of U, for k =1,2,...,K.

Two different factor graphs for this system model are
shown in Figs. 10 and 11. In Fig. 10, h; denotes the kth
column of the matrix H; in Fig. 11, e; = (1,0,... ,O)T,
e, 2 (0,1,0,..., O)T, etc. In Fig. 10, most of the factor
graph just represents the decomposition

K
HU =Y hUy. (52)
k=1

In Fig. 11, most of the factor graph just represents the
decomposition

(53)

U= i ekUk.
k=1

Although these decompositions appear trivial, the result-
ing message-passing algorithms in these factor graphs
(using tabulated rules for Gaussian messages) are not
trivial, cf. Section V-C. The complexity of these algo-
rithms depends mainly on N and K; Fig. 10 may be
preferable for K > N while Fig. 11 may be preferable for
K <N.

V. GAUSSIAN MESSAGE PASSING IN
LINEAR MODELS

Linear models as in Section IV consist of equality
constraints (branching points), adders, and multipliers

e lz?/20*

Z

t

l
Fig. 10. Factor graph of (50) and (51) (superimposed signals).
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e-lzl?/207

Z

Fig. 11. Another factor graph of (50) and (51) (superimposed signals).

with a constant (scalar or vector or matrix) coefficient. The
sum-product and max-product message computation rules
for such nodes preserve Gaussianity: if the incoming
messages are members of the exponential family, then so
are the outgoing messages.

In this section, the computation of such messages will
be considered in detail. For scalar variables, there is not
much to say; for vector variables, however, the efficient
computation of messages and marginals is not trivial. The
at heart of this section are Tables 2—-6 with formulas for
such messages and marginals. These tables allow us to
compose a variety of efficient algorithms—both classic
and recent variations of Kalman filtering—without addi-
tional computations or derivations.

However, before entering into the details of these
tables, it should be pointed out that the algorithms
considered here are many different things at the
same time.

1) For linear Gaussian factor graphs, the sum-
product algorithm and the max-product algorithm
coincide (up to a scale factor). (This follows from
Theorem 4 in Appendix I.)

2) The Gaussian assumption does not imply a
stochastic setting. For example, the least-squares
problem of Fig. 4 may also be viewed as a linear
Gaussian problem.

3) In a stochastic setting, the max-product (=
sum-product) algorithm may be used to compute
both maximum a posteriori (MAP) and maximum
likelihood (ML) estimates.

4) MAP estimation in a linear Gaussian model co-
incides both with minimum-mean-squared-error
(MMSE) estimation and with LMMSE estimation,
cf. Appendix I.

5) MAP estimation with assumed Gaussians coincides
with true LMMSE estimation (cf., Theorem 3 in
Appendix I). It follows that LMMSE estimation
may be carried out by Gaussian message passing in
an appropriate linear model.

6) If the sum-product algorithm converges in a
Gaussian factor graph with cycles, then the means
of the marginals are correct (despite the cycles)
[12], [13].
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It is thus obvious that Gaussian message passing in linear
models encompasses much of classical signal processing.

We now turn to the actual message computations. In
this section, all messages will be (multivariate) Gaussian
distributions, up to scale factors. Gaussian distributions
will be described either by the mean vector m and the
covariance matrix V or by the weight matrix W = V™! and
the transformed mean Wm, cf. Appendix I. (It happens
quite frequently that either V or W are singular for certain
messages, but this is seldom a serious problem.)

We will use the notation for messages of Section III-C,
which we will extend to the parameters m, V, and W. If
some directed edge represents the variable - X, the forward
message has mean %X, covariance matrix Vx, and weight

——1

-
-
matrix Wx = Vy ; the backward message has mean my,

— — — —1
covariance matrix Vx, and weight matrix Wy = V, . The
product of these two messages—the marginal of the global
function if the factor graph has no cycles—is the Gaussian

with mean my and covariance matrix Vx = Wy ! given by

Wx = Wx + Wy (54)

and

[Equations (54) and (55) are equivalent to (II.1) and (II.3)
in Table 2, cf. Section III-E.]

An open half-edge without an incoming message may
be viewed as carrying as incoming message the constant
function 1, which is the limit of a Gaussian with W = 0
and mean m = 0. A half-edge representing some known
variable X = xo may be viewed as carrying the incoming
message O(x — Xo), which is the limit of a Gaussian with
V = 0 and mean m = xg.

We will also use the auxiliary quantity

A= =
Wx = (Vx + V)™ (56)

which is dual to Vx = (V?Gg + \X’X)fl. Some relations
among these quantities and the corresponding message
parameters are given in Table 1. These relations are proved
and then used in other proofs, in Appendix II.
Computation rules for the parameters of messages

(such as 171;(, VX, etc.) and marginals (such as my, Vx, etc.)
are listed in Tables 2—-4 and 6. The equation numbers in
these tables are prefixed with the table number; for
example, (II.3) denotes equation 3 in Table 2. The proofs
are given in Appendix II.

In principle, Tables 2 and 3 suffice to compute all
messages in a linear model. However, using only the rules

of Tables 2 and 3 leads to frequent transformations of W

and Wm into V=W  and ﬁ, and vice versa; if V and W

are large matrices, such conversions are costly.

The inversion of large matrices can often be avoided by
using the message computation rules given in Table 4
(which follow from the Matrix Inversion Lemma [47], cf.
Theorem 7 in Appendix II). The point of these rules is
that the dimension of Y may be much smaller than the
dimension of X and Z; in particular, Y_may be a scalar.

Table 3 shows the propagation of V and m forward
through a matrix multiplication node as well as the

Table 1 Single-Edge Relations Involving W

(I.1)

=Wx — WxVxWx (L.2)
Vx = V_\- ﬂ/v\' “Tx (L.3)
= Vx - VxWxVy (1.4)
ey = Vi 7\’ m\ + Vx i_\ m‘\' (L.5)
= Mx — VxWxix + Vx ?\ nx. (1.6)

The direction of the arrows may be reversed in all these
relations.

Table 2 Gaussian Messages: Elementary Nodes

X ’?‘ Z

)

WZ:VT/X+WY
— — —
Wx =Wz + Wy

— — —
Wzmz = mex + Wyﬁ{y

(IL1)
(11.2)
(IL3)

mex = Wzmz -+ Wymy (11.4)

mx =my =mgz (1IL.5)
Vx =Vy =Vz (11.6)
E - Z
+
Y
V= Voxr+ W aL7)
Vx=Vz+Vy (1.3)
Ty = mx + my (I11.9)
mx = my — my (11.10)

(IL11)
(IL12)

mx +my —mz =0
Wx =Wy = Wy
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Table 3 Gaussian Messages: Matrix Multiplication Node

X Y
A >
Forward: - -
Vy = AVx AH (TL.1)
my = Amx (I11.2)
my = Amx (111.3)
Vy = AVx AF (II1.4)
.
For Wy, see also Tables 5 and 6.
Backward:
Wx = AHWy A (IL5)
Wxinx = AHWy my (IIL6)
Wxmyx = AAWymy (IL.7)
Wx = AHWy A (TIL.8)
WX nx = AHWme (I11.9)
—
For Vx and mx, see also Tables 5 and 6.

propagation of VT/ and ‘X];l backward through such a node.
In the other direction, Table 5 may help: Table 5 (top)
together with Table 4 (bottom) allows the propagation
of W/ and \X/r_ﬁ forward through a matrix multiplication
node; Table 5 (bottom) together with Table 4 (top)

allows the propagation of V and m backward through a
matrix multiplication node. The new “internal” open
input in Table 5 (top) may be viewed as carrying an
incoming message that is a degenerate Gaussian with

—

W= 0 and mean m= 0; the new “internal” output in
Table 5 (bottom) may be viewed as carrying an in-
coming message that is a degenerate Gaussian with
m=0 and V= 0.

The point of the groupings in Table 6 is to create
invertible matrices out of singular matrices.

We now demonstrate the use of these tables by three
examples, each of which is of interest on its own.

A. RLS Algorithms

Consider a factor graph as in Fig. 12, where X, =
X; =X, = ... are (unknown) real column vectors and
where c1,¢3,..., are (known) real row vectors. The
classic recursive least-squares (RLS) algorithm [47] may
be viewed as forward-only (left-to-right) Gaussian mes-
sage passing through this factor graph, with an extra
twist.

Note that Fig. 4 is a special case of Fig. 12 (with X;, = H
and with ¢, = [u],). It follows that the RLS algorithm may
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be used, in particular, to solve the FIR filter identification
problem stated at the end of Section II.

We begin by noting that the max-product message ﬁx,z
(as shown in Fig. 12) is

k
ﬁxk (x) o< max He_zwz”z) (57)
Z1yeeey Zk =y
k
7rnlnzhm‘z}Z ¢ IZ[ (58)
subject to the constraints y, = cpx+2z4, £=1,...,k It

follows that the least-squares estimate (or, in a stochastic

Table 4 Gaussian Messages: Composite Blocks. (Most Useful if Y Is Scalar)

X m VA
L

¥

my Imx+VXAHG(m§f—Amx) (IV.1)

- — — H —
Vz=Vx—-VxAHGAVx (Iv.2)
-1
with G & (‘VY 4 A\_/’XAH) (1V.3)
For Iy, consider using (I11.3) and (I11.4).
X T Vi
+
L
A
5
mZ = W;\ ~+ AI_H}}‘ (IV.4)
mx = my — AW)- (IV.5)
LT!Z = ‘_})‘ — ﬁé\’AHﬁ'\” WX (1V.6)
- =y -1
with H £ (L - ”nﬁ\-A) (1V.7)
W 7/_:1'2 = T\ m_x
-+ T)\—‘H (‘_)Y)my - A”W.\'m‘y) (IV.8)

= =5 = = =
For Wi, cEmgc Wx to Wz and Wz to Wy in (IV.6) and
(IV.7); for W iy, change also the sign of 7y in (IV.8).
For ‘;_1)-. consider using (11.12), (I11.8), (I11.9).
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Table 5 Reversing a Matrix Multiplication

If rank A = number of rows < number of columns:

X ¥
A
is equivalent to:
B T T T e e e 1
Gl ey N ) N
. |
i i
1 1
1 1
1 1
| B I
1 1
1 1
1 I
1 1
1 1
1 1
1 1

where A# = AH(AAH)~! and where B is a matrix such

A\ . . .
that B )isa nonsingular square matrix and ABY = 0.

This decomposition allows to compute Wy and Wymy by
means of (IV.6)—(1V.8) and (I11.5)—~(I11.6).

If rank A = number of columns < number of rows:

X i
A
is equivalent to:
fi = PeEESE s mpEEEm m e e e 1
il 3 [ gy
| LI
I 1
I 1
| |
I 1
| BH
| I
I 1
I 1
I |
1 1
I 0 1

where A# = (A A)=' A! and where B is a matrix such
that (A, B) is a nonsingular square matrix and B¥ A = 0.

This decomposition allows to compute VX and Ty by means
of (IV.1)—(1V.2) and (I11.1)—(I11.2).

setting, the ML estimate) of X, (= Xo) basedony,,...,y, is

~ A —
X, = argmax fiy, (x) (59)

k
= arg min min Z zy (60)
2 G B
Ye=cix+zg

= my (61)

the mean of the (properly normalized) Gaussian ﬁx,;

Factor Graph Approach to Model-Based Sighal Processing

Now, we consider the actual computation of the
messages shown in Fig. 12. The message 7, is simply the

2 /20%

_
factor e~ , i.e., a Gaussian with mean my, = 0 and

variance Vzk = 02 The fact that Y}, = j, is known may be
expressed by an 1ncom1ng degenerate- -Gaussian message
MY with mean mY =9y, and variance V =0. It then
follows from (I1.10) and (H 8) in Table 2 that the * message
MY is Gaussian with mean my = y, and variance Vy = o°.

So much for the trivial (scalar-variable) messages in
Fig. 12. As for the messages My, we note that the RLS
algorithm comes in two versions. In one Verjion, these
messages are represented by the mean vector my, and the

Table 6 Combining Rectangular Matrices to Form a Nonsingular
Square Matrix

X E\ & Z
L

Y

A\ . . -
If B ) isa nonsingular square matrix:

— A = mZ
mx=\B my

< _ (A" Vz o0 B i
VX_<B> ( k Vy)(A B ) (V12)

(VL)

X zZ
Ll

If (A, B) is a nonsingular square matrix:

— AENTY Wi
Wyniy = i
e <BH> (W)’mY
H
W= () (

mx
my

(VL3)

) (A, B! (V14)
Y

(VLS)

H\~1
(g,{ > (VIL.6)

Yy

¥z V’(Y
Vy x
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Xk—l : —l : Xk
— L C—
RATE
]
vt
A
[ =1+
6—22/202
Y =g

Fig. 12. RLS as Gaussian message passing.

-
covariance matrix Vy,; in the other version, these

iy
messages are represented by the weight matrix Wx, =
— —

V;: and the transformed mean karixk. In the latter case,
the message computation rules are immediate from
Tables 2 and 3: we first obtain px; (the message inside

the dashed box) from (II1.5) and (II1.6), and then ﬁxk from
(I1.1) and (II.3). Note that no matrix inversion is required
to compute these messages. However, extracting the
estimate x, = Y?lxk from ‘X}Xk quk amounts to solving a
system of linear equations. For the initial message ﬁxo’ we
set Wy, = O (the all-zeros matrix).

The other version of the RLS algorithm is obtained by
grouping the two nodes inside the dashed box in Fig. 12
and using (IV.1) and (IV.2) of Table 4 to propagate my, and

Vx,. Again, no matrix inversion is required to compute
these messages: the inversion in (IV.3) is only a scalar
division in this case. In this version of the RLS algorithm,
the estimate X, = ka is available at every step without
extra computations. As for the initial message ﬁXO, an

obvious practical approach is to set Y?lxo =0and Vx, = pI,

where I is the identity matrix of appropriate dimensions
and where p is some “large” real number. (In a stochastic
setting, this initialization amounts to a prior on X, which
turns x, = r_ﬁxk into a MAP estimate.)

We have now fully described max-product (=
sum-product) Gaussian message passing through Fig. 12.
However, as mentioned, the classical RLS algorithm
introdu(fs an extra twist: in every step, the covariance
matrix Vx, (as computed above) is mgltiplied by a scale
factor v > 1, v = 1, or (equivalently) Wy, is multiplied by
1/7. In this way, the algorithm is made to slowly forget the
past. In the adaptive-filter problem of Fig. 4, this allows
the algorithm to track slowly changing filter coefficients
and it improves its numerical stability.

B. Gaussian Message Passing in General
Linear State-Space Model

We now consider Gaussian message passing in the
general linear state-space model of Fig. 8, which en-
compasses Kalman filtering (= forward-only message
passing), Kalman smoothing, LMMSE turbo equaliza-
tion, etc. The discussion will be based on Fig. 13, which
is a more detailed version of Fig. 8 with named
variables assigned to every edge and with an optional
decomposition of the state transition matrix A, (if Ay is
not square or not regular) into

A, = AJA, (62)

with matrices A} and A} such that the rank of A}, equals the
number of rows of A, and the rank of A equals the
number of columns of A]. (In other words, the multi-
plication by A} is a surjective mapping and the multi-
plication by A} is an injective mapping.) Such a
decomposition is always possible. In the example of

PTTTTTTTTTTTTTT Uk
Xe-1 ) Xeo1 PRERL 1 Z - Xs /1 Xk
e il [l !
xp, o iSwetive injective ; Xy
Ak
o
Yk—l Yk

Fig. 13. Factor graph of general linear state-space model (extended version of Fig. 8).
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Section IV-A (equalization of an FIR channel), the
= (In,0) and A] = (;;);
the pseudo-inverses of these matrices (which are used
below) are (A})" = (Al)" and (A/)* = (A")".

The inputs Uy, and the outputs Y} in Fig. 13 are usually
scalars (while the state variables X}, are vectors). If Uy, is a

decomposition (62) yields A},

vector, it may be advantageous to decompose it (and
accordingly By,) into parallel scalar inputs; similarly, if Y is
a vector, it may be advantageous to decompose it (and Cy)
into parallel scalar outputs.

If all inputs Uy, and all outputs Y}, are scalars, then none
of the algorithms given below requires repeated matrix
inversions. In fact, some of the remarks on complexity in
the algorithms that follow implicitly assume that Uy, and Y},
are scalars.

Let us recall that the point of all the following
algorithms is efficiency; if we do not mind inverting
matrices all the time, then Tables 2 and 3 suffice. There
are also, of course, issues with numerical stability, but
they are outside the scope of this paper.

Algorithm A—Forward Recursion With ﬁxk and Vy,: (This
algorithm is known as “covariance matrix Kalman filter”
[47].) From py _ and the incoming message fiy, , the
is obtained by (IV.1) and (IV.2). (X,

is skipped.) The message ,uZ/ is obtained by (1I1.1) and

=
message flys

(I11.2). (Zy may be skipped. ) The message uU/ is obtained
from the 1ncom1ng message ,uUk by (III.1) and (1I1.2). The
message /J,Xh is then obtained by (I1.7) and (IL.9).

Algorithm B—Backward Recursion With \T/Xk and VT/Xk My, :
(This algorithm is known as “information matrix Kalman
filter” [47].) From the incoming message ZY , the message
,LLX// is obtained by (III. 5) and (IIL.6). From this and from
the backward message ,Ux’ the message ,uXk is obtained by
(IL.1) and (II.3). The message at uzr is then obtalned by
(IV.4) and (IV.6). (U}, is skipped.) The message ,uX« is
obtained by (IIL.5) and (II1.6). (Z, may be skipped.)

If the state transition matrix A, is square and
nonsingular, then the algorithms can, of course, be applied
in the reverse direction. However, even if A, is singular
(as, e.g., for FIR channel equahzatlon) it is possible to
forward propagate WX} and WX} ka and to backward
propagate mX, and Vx. without matrix inversions. These
algorithms rely on the decomposition (62), which allows
us to group A; with C,_; as in Table 6 (top) and A} with
By as in Table 6 (bottom).

Algorithm C—Forward With Wx, and kal’?txk if Ay is
Singular' From the incoming message py,_ , the message
,uXu is obtained by (HI 5) and (I11.6). From this and from

,uXk ,» the message /LX/ is obtained by (II.1) and (II.3).

Factor Graph Approach to Model-Based Signal Processing

The message ﬁzk is obtained by the decomposition of A} as
in Table 5 (top) and using first (IV.4) and (IV.6) and then
(IIL.5) and (III.6). The message ﬁxk is obtained by
grouping A} with By as in Table 6 (bottom) and using
(V1.3) and (VL.4). (Z, is skipped.)

Algorithm D—Backward With %Xk and ;Xk if Ay is
Singular: The message uU/ is obtained from the 1ncom1ng
message uU by (1I1.1) and (I11.2). From this and from /’LXk’
the message ,qu is obtained by (IL.8) and (I1.10). The
message Mz is obtamed by the decomposition of A} as in
Table 5 (bottom) and using first (IV.1) and (IV.2) and then
(III.1) and (II1.2). The message EXH is obtained by
grouping A} with C,_; as in Table 6 (top) and using (V1.1)
and (VI.2). (X;_, is skipped.)

By combining Algorithm B either with its own for-
ward version (if Ay is nonsingular for all k) or_with

Algorithm C (if Ay, is singular), we can get Wy, (= Wx,+
Wy, ) as well as
WkaXk :WXkﬂT’l}Xk + WXk;EXk (63)

for all k. The estimate X, = myx, may then be obtained by

solving (63) for my,.

The computatlon of Vy, and/or of output messages ,uU
and/or fy, requires more effort. In fact, the computation
of uY may be reduced to the computation of my, and Vx,,
and the computation of uU may be reduced to the
computatlon of my and Wx,. Specifically, the output
message MY may be extracted from the incoming message
uyk and from Vy, and my,, and the latter two quantities are
easily obtained from Vx, and my, by means of (II.5), (IL.6),
and (IIL.3), (IIL.4). The output message ZUk may be
extracted from the incoming message fi;, and from Wy,
and my,, and the latter two quantities are easily obtained
from Wy, and my: [= my, —mz by (IL11)] by means of
(I1.12), (1IL.8), and (1IL.7).

In the example of Section IV-A (FIR channel equaliza-
tion), my, and Vy, may actually be read off directly from
my, and Vx,, respectively, for any £, k — M < £ < k. In this
case, computing Vx, only every M steps suffices to compute
all outgoing messages. These few computations of Vy,
are perhaps best carried out directly according to Vx, =
(WXk + WXk)Tl or VXk = (VX;il + WXk)Tl

However, it is possible to compute Vx,, Wx,, and my,
(and thus also all outgoing messages) in a general linear
state-space model without any matrix inversions (assuming
that Uy, and Y}, are scalars):

Algorithm E—AIl Marginals and Output Messages by
Forward—Backward Propagation: Forward pass: with my,
and Vyx, according to Algorithm A. Backward pass: with
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U Ux e—lzl?/20
] (] (o]
Sa Sk A
Y V=4
Iy ] ] 4] ¥ y
Xo—0 0 x, Ey Xeo b x, LA L]

Fig. 14. unified version of Figs. 10 and 11 with additional variables to explain the algorithms of Section v-C.

\7/Xk 171;(,1 and VHVX}{ YT’% according to Algorithm B, augmented
by the simultaneous computation of Vx,, my,, and WX, as
follows. From my; and VX/ we trivially obtain my, and Vx,
by (IL.5) and (II. 6) We then obtain WX,z (from Vx, and
Wx,) by (1.2), and we also have Wzrk by (I1.12). We further
obtain Vz by (1.4) and mgz by (1.6). From (IIL.8), we
obtain WXr _,- Finally, Vyy and my  are obtained by (1.4)
and (1.6).

The outgoing messages ﬁYk and/or EUk may be ob-
tained as described.

The following algorithm is a variation of Algorithm E
that may be used for the example of Section IV-A (FIR
channel equalization). [The algorithm assumes that A; is
singular and that A;' may be grouped with By, as in Table 6
(bottom). ]

Algorithm F—AIll Marginals and Output Messages by
Forward-Backward Propagation: Forward pass: with ﬁxk
and ka accordlng to Algorithm A. Backward pass: with
ka and kamxk according to Algorithm B, augmented by
the simultaneous computation of Vy,, my,, and Wy, as
follows. From my and Vx/, we trivially have my, and Vy,.
By grouping A} with By, as in Table 6 (bottom), we obtain
mg, and Vyz, as well as my, and Vy, by (VL.5) and (VI.6). We

then obtain Wy, (from V; and W) by (1.2). We then

compute Wy~ and Wy my by (IIL.8) and (IIL7),

respectively. Finally, Vxy ~and my,_ are obtained by (1.4)
and (1.6).
The outgoing message pi;, may be extracted from Vy,,

my,, and Ly, .

More such algorithms seem possible and are worth
exploring. For FIR channel equalization, the method de-
scribed just before Algorithm E may be the most attractive.

C. Wang/Poor Algorithm

Factor graphs as in Fig. 10 and Fig. 11 give rise to yet
another fundamental algorithm. The application of this
algorithm to Fig. 11 (combined with the conversion from
Gaussian to binary as described in Section V-D) is
essentially equivalent to the algorithm by Wang and Poor
n [48].
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We describe the algorithm in terms of Fig. 14, which
subsumes Figs. 10 and 11. Note that U, 1 < k < K are real
scalars, by, are real column vectors, and A is a real matrix.
(We will assume that AFA is nonsingular, which means
that the rank of A equals the number of its columns.) The
column vectors S, and X, are defined as S, = b,U, and
Xk 2 Sk + Xi—1, respectively. Note also that Xy = 0 and

From the observation Y = y and the incoming
messages at Ui (1 <k <K) (with scalar mean my, and
variance Vy, ), we wish to compute the outgoing messages
at Uy, i.e., the scalar means mUk and the variances Vy,.

The pivotal quantity of the algorithm is Wy which,
according to (56), is defined as

WU = (VU + VU)_l. (64)

(The actual computation of Wy will be discussed in the
following.) This quantity is useful here because, according
to (II.12), it stays constant around a “+” node. In
particular, we have

Wsk = WU (65)

for 0 < k < K. By means of (II1.8), we then obtain WUk,
from which the variance of the outgoing messages is
easily extracted

— ~_1 —
VUk = WU,\, - VUk (66)

= (B'Wyb) =V, (67)

Note that bfWUbk is a scalar. Note also that, if b, = e}, as
in Fig. 11, then b'Wyby, is simply the kth diagonal ele-
ment of Wy.
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From (IIL.9), the mean of the outgoing messages is

(68)
(69)

~—1 ~
- WUk bfWUmsk

~ 71 ~ —
= (bIEWUbk) bfWUmsk

which depends on both Wy and Esk- The latter is easily
obtained from (I1.9), (I1.10), and (IIL.2)

K
ms, =my — »_ms, +ms, (70)
(=1
K
=my — Z bgmw + bkmUk. (71)
(=1

Note that the first two terms on the right-hand side of (71)
do not depend on k.

The mean vector 171(], which is used in (71), may be
obtained as follows. Using (III.6), we have

Wymy = AHWymy (72)
=A%y (73)
and from (II1.5), we have
Wy —A"WyA (74)
=0 2AHA. (75)
We thus obtain
A Amy = Al (76)
and
my = (AfA) 'A%y, (77)

[In an actual implementation of the algorithm, solving (76)
by means of, e.g., the Cholesky factorization of AFA is
usually preferable to literally computing (77).]

It remains to describe the computation of Wy (= WXk,
0 <k <K). We will actually describe two methods. The
tirst method goes as follows. From (III.8), we have

Wy =A"WyA (78)

—AT(Vy + Vy) A, (79)

Factor Graph Approach to Model-Based Signal Processing

But Vy = 02 is known and Vy is straightforward to
compute using (III.1) and (I1.7)

Vy = AV A" (80)
K
—A <Z kaUkbf> Al (81)
k=1
K —
= (Aby)Vy, (aby)"™. (82)

k=1

So, evaluating (79) is a viable method to compute Wy.
An alternative method to compute Wy goes as follows.

First, we Compute WU by (75) and then we recursively com-

pute WXK " WXK Sye s 7W x, using (IV.6). Then, we have

Wy =Wy, (83)
- (VXO Fy) (84)
— vy (85)
—w (86)

D. Gaussian to Binary and Vice Versa

Linear Gaussian models are often subsystems of larger
models involving discrete variables. In digital communica-
tions, for example, binary codes usually coexist with linear
Gaussian channel models, cf. Figs. 9-11. In such cases, the
conversion of messages from the Gaussian domain to the
finite-alphabet domain and vice versa is an issue. Con-
sider, for example, the situation in Fig. 15, where X is a
{+1, —1}-valued variable and Y is a real variable. The
“="-node in Fig. 15 denotes the factor §(x — y), which is
a Kronecker delta in x and a Dirac delta in y.

The conversion of a Gaussian message /I; into a binary
(“soft bit”) message ,LI;( is straightforward: according to the
sum-product rule, we have

- / iy (0)6(x — y)dy (87)
y
= py(x). (88)
Gaussian {+1,-1}
...... . RS

__ﬂ}___

Fig. 15. Conversion of (real scalar) Gaussian to binary ({1, -1})
variables and vice versa.
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In the popular log-likelihood representation of soft-bit
messages, we thus have

— " 1
Ly 2 D) (89)
Mx(_l)
—2my /oy, (90)

In the opposite direction, an obvious and standard
approach is to match the mean and the variance

my =my (91)
Ty (1) — 1y (—1
MX(‘H) + Mx(_l)
and
oy =0y (93)
=1—m,. (94)

It should be noted, however, that (92) and (94) need not
be optimal even for graphs without cycles. An alternative
way to compute a Gaussian message /TY is proposed in [18]
and [49].

VI. BEYOND GAUSSIANS

We have seen in the previous section that, for continuous
variables, working out the sum-product or max-product
message computation rules for particular nodes/factors is
not always trivial. In fact, literal implementation of these
two basic algorithms is often infeasible when continuous
variables are involved. Moreover, other algorithms may
be of interest for several reasons, e.g., to yield better
marginals or to guarantee convergence on graphs with
cycles [14]-[21]. However, it appears that most useful
algorithms for structured models with many variables can
be put into message-passing form, and the factor graph
approach helps us to mix and match different techniques.

A key issue with all message-passing algorithms is the
representation of messages for continuous variables. In
some cases, a closed family of functions with a small
number of parameters works nicely, the prime example
being linear Gaussian models as in Section V. However,
beyond the Gaussian case, this does not seem to happen
often. (An interesting exception is [27], which uses a
family of Tikhonov distributions.)

In general, therefore, one has to resort to simplified
messages for continuous variables.

1310 PROCEEDINGS OF THE IEEE | Vol. 95, No. 6, June 2007

The following message types are widely applicable.

1) Quantization of continuous variables. This ap-
proach is essentially limited to 1-D real variables.

2) Single point: the message fi(x) is replaced by a
single point X, which may be viewed as a temporary
or final decision on the value of the variable X.

3) Function value and derivative/gradient at a point
selected by the receiving node [50], [51] (to be
described in Section VII).

4) Gaussians (cf., Section V and Appendix I).

5) Gaussian mixtures.

6) List of samples: A probability density can be
represented by a list of samples. This message type
allows us to describe particle filters [52], [53] as
message-passing algorithms (see, e.g, [35], [36],
[38], [39], [54]-[56]).

7) Compound messages consist of the “product” of
other message types.

All these message types, and many different message
computation rules, can coexist in large system models. The
identification of suitable message types and message
computation rules for particular applications remains a
large area of research. Some illustrative examples will be
given in the next two sections.

With such “local” approximations, and with the
“global” approximation of allowing cycles in the factor
graph, practical detection/estimation algorithms may be
obtained for complex system models that cannot be
handled by “optimal” methods.

In the next two sections, we will illustrate the use of
message computation rules beyond the sum-product and
max-product rules by the following example. Assume that,
in some linear state-space model (as in Fig. 8), one of the
matrices (Ag, By, Cr) is not known. In this case, this matrix
becomes a variable itself. For example, if C; is unknown,
but constant over time (i.e., C, = C), we obtain the factor
graph of Fig. 16, which should be thought to be a part of
some larger factor graph as, e.g., in Fig. 9.

The key difficulty in such cases is the multiplier
node. We will outline two approaches to deal with such
cases: steepest descent and (a “local” version of) ex-
pectation maximization. However, more methods are
known (e.g., particle methods), and better methods may
yet be found.

It should also be noted that the graph of Fig. 16 has
cycles, which implies that message passing algorithms will
be iterative. The convergence of such algorithms is not, in
general, guaranteed, but robust (almost-sure) convergence
is often observed in practice.

VII. STEEPEST DESCENT AS
MESSAGE PASSING

The use of steepest descent as a “local” method in factor
graphs is illustrAated in Fig. 17, which represents the global
function f(6) = f4(0)f5(0). The variable © is assumed to
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Fig. 16. Linear state-space model with unknown coefficient vector C.

take values in R or in R". Fig. 17 may be a part of some

bigger factor graph, and the nodes f; and fz may be sum-

maries of (i.e., messages out of) subsystems/subgraphs.
Suppose we wish to find

Ormax 2 arg ;naxf(@) (95)
by solving
& (nf(0) = 0 (96)
Note that
d _f(9)
_ fa(0)fs(0) + fs(0)fa(6)
T AORO) o9
d d
=0 (Infz(0)) + 0 (Infa(9)). (99)

Fig. 17. Steepest descent as message passing.

The functions f, and fz may be infeasible to represent,
or to compute, in their entirety, but it may be easy to
evaluate (d/df)(Infy(0)) (and likewise for f3) at any given
point 6.

One method to find a solution 6 of (96) is steepest
descent. The message passing view of this method can be
described as follows.

1) An initial estimate 6 is broadcast to the nodes fa
and fz. The node f, replies by sending

d
70 (Infa(0))

0=0

and the node f replies accordingly.
2) A new estimate 6 is computed as

d
=0o1a +s- %0 (Inf(6)) (100)

ancw R
0=001a

where s € R is a positive step-size parameter.
3) The procedure is iterated as one pleases.

As always with message-passing algorithms, there is much
freedom in the scheduling of the individual operations.

The application of this method to cases as in Fig. 16
amounts to understanding its application to a multiplier
node as in Fig. 18. The coefficient (or coefficient vector/
matrix) C in Fig. 16 takes the role of © in Fig. 18.

Due to the single-point message é, the messages along
the X- and Y-edges work as if © were known. In particular,
if the incoming messages on these edges are Gaussians,
then so are the outgoing messages.

As described earlier, the outgoing message along the
edge O is the quantity

d/ o 4916(0
0 (ln M(—)(G)) = di'u@< ) (101)
=0 po(0) |4y
e
21
X Y
— ==
Fig. 18. Multiplier node.
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where ﬁ@(e) is the sum-product (or max-product) message

//M

=/%wmwm

X

6(y — Ox)dx dy (102)

(103)

The gradient message (101) can be evaluated in closed
form, even in the vector/matrix case, if the incoming
messages ﬁx and HY are both Gaussians. For the sake of
clarity, we now focus on the case where ©, X, and Y are all
real-valued scalars. In this case, using

d— . d (0x — my)?
7 py(0x) = ¥ (const) exp ( 2;3 (104)
- 0x> xﬁy
=py(O)| — = +—= (105)
Oy Oy
and (103), we can write (101) as
ano@] Lot (i (8))ax o)
Eo 0) 0=0 fxﬁx x)ﬁy(ﬂx)dx _
[ )i wwgz%ﬁx
= L (107)
Sy (%) 1y (Ox)dx
15 [ (my — ex)]. (108)
p(xl0)
UY

The expectation in (108) is with respect to the (local)
probability density

(109)

~2 — A

of 1 0 mx  Omy

xexp| —x' | —5+—— | tx| 5+ —7
20y 20y ox Oy

(110)

which is a Gaussian density with mean m and variance &2

given by

~2

1 1 0
Ux Oy
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and

Mmoo omx  Omy
iyt e o (112)
o Ox Oy

From (108), we finally obtain the outgoing gradient
message (101) as

d/ o my 6
—(1 0 =—E. . [X|-—=E. »[X} (@113
da(nﬂ@( )) o E; p(x\e)[ ] ;Yz p(x\e)[ ] (113)
=D %(&2 + i), (114)
Oy Oy

VIII. EXPECTATION MAXIMIZATION
AS MESSAGE PASSING

Another classical method to deal with the estimation of
coefficients like C in Fig. 16 is expectation maximization
(EM) [57]-[59]. It turns out that EM can be put into
message-passing form, where it essentially boils down to a
message computation rule that differs from the sum-
product and max-product rules [60].

For example, consider the factor graph of Fig. 19
with the single node/factor g(x,y,f) (which should be
considered as a part of some larger factor graph). Along

the edge ©, we receive only the single-point message 6.
The messages along the X- and Y-edges are the
standard sum-product messages (computed under the
assumption © = é) The outgoing message along O is not
the sum-product message, but

pen(6) = " (115)

with

A
28, 5neX.Y,0)

h(6) (116)

©
é{ pem(8)

X
—>

Y
| J—
g

Fig. 19. Messages corresponding to expectation maximization.
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where the expectation is with respect to the (local)
probability density

x () iy (7)

p(x,10) o< glx,y, )1 (117)

based on the incoming sum-product messages Jiy and fiy.
For the justification of (115), (116), and the corresponding
perspective on the EM algorithm, the reader is referred to
[60] and [61]. The main point is that the message (115) is
compatible with, and may be further processed by, the
sum-product or max-product algorithms.

One way to apply the general message computation
rule (115), (116) to a multiplier node as in Fig. 16 is
illustrated in Fig. 20. We assume that X and © are real
(column) vectors and Y is a real scalar (as in Fig. 16).
Instead of defining g(x,y,0) = 6(y — 6"x) (which turns
out not to work [61]), we define

0) = / By — gy (118
y

as indicated by the dashed box in Fig. 20. (It then follows
that the expectlon in (116) is over X alone.) If the incoming
messages ,uX and ;LY are Gaussian densities, the outgoing
message (g (6) turns out to be a Gaussian density with
inverse covariance matrix

— Vx + mym?X
We = % (119)
Ty
and with mean mg given by
i mym
Wome = —— (120)
Ty

(cf., [61]). The required sum-product marginals Vx and my
may be obtained from the standard Gaussian rules (54),

Fig. 20. Gaussian message passing through a multiplier
node using EM.

Factor Graph Approach to Model-Based Signal Processing

(55), (111.5), and (111.6), which yield

Vel = Wy = Wy + 00 o (121)

and

By replacing the unwieldy sum-product message Z(_) by
the Gaussian message gy, we have thus achieved a
completely Gaussian treatment of the multiplier node.

IX. CONCLUSION

The factor graph approach to signal processing involves the
following steps.

1) Choose a factor graph to represent the system
model.

2) Choose the message types and suitable message
computation rules. Use and maintain tables of
such computation rules.

3) Choose a message update schedule.

In this paper, we have elaborated on this approach with an
emphasis on Gaussian message passing in cycle-free factor
graphs of linear models, i.e., Kalman filtering and some
of its ramifications. Tables of message computation rules
for the building blocks of such models allow us to write
down a variety of efficient algorithms without additional
computations or derivations.

Beyond the Gaussian case, the factor graph approach
encourages and facilitates mixing and matching different
algorithmic techniques, which we have illustrated by two
different approaches to deal with multiplier nodes:
steepest descent and “local” expectation maximization.

The identification of suitable message types and mes-
sage computation rules for continuous variables remains a
large area of research. However, even the currently
available tools allow us to derive practical algorithms for
a wide range of nontrivial problems. B

APPENDIX I

ON GAUSSIAN DISTRIBUTIONS,
QUADRATIC FORMS, AND
LMMSE ESTIMATION

We briefly review some basic and well-known facts
about Gaussian distributions,
LMMSE estimation.

Let F=R or F=C. A general Gaussian random
(column) vector X = (Xy,...,X,)"

m,)" € F" can be written as

quadratic forms, and

over F with mean

vector m = (my,. ..,

X=AU+m (123)
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where A is a nonsingular n X n matrix over F and where
U= (Uy,...,U,)"
Gaussian random variables Uy,...,U, with mean zero
and variance one. The covariance matrix of X is V = AA".
The probability density of X is

consists of independent F-valued

B(x—m)'W(x—m)

(124)
(125)

fx(x) oce”

x e*ﬂ(xHWX72R0(xHWm))

for W=V"!= (A_I)HA_1 and with 3 =1/2 in the real
case (F=R) and # =1 in the complex case (F=C).
Conversely, any function of the form (124) with positive
definite W may be obtained in this way with some suitable
matrix A.

Now, let Z be a Gaussian random (column) vector,

()

where X and Y are themselves (column) vectors. The

density of Z is f(z) oc e %) with
WXY X — mx
Wy y —my

(127)

which we partition as

(126)

ax3) = (b= me)", (3= m") (¢

with positive definite Wx and Wy and with Wyx = W)}(Iy.
For fixed y, considered as a function of x alone, (127)
becomes

q(x,y) =x"Wxx
- ZRe(xHWX (mX—Wx_lWXY(y—mY)))

+ const. (128)

Comparing this with (125) yields the following theorem.

Theorem 1 (Gaussian Conditioning Theorem): If X and Y
are jointly Gaussian with joint distribution oc e=10%) ag
above, then conditioned on Y =y (for any fixed y), X is
Gaussian with mean

EX[Y =y] =myx — W£1WXY()) — my) (129)

and covariance matrix Wy 1 O
Note that E[X|Y =] is both the MAP estimate and
the MMSE estimate of X given the observation Y =y.
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According to (129), E[X|]Y = y] is an affine (= linear with
offset) function of the observation y. We thus have the
following theorem.

Theorem 2: For jointly Gaussian random variables or
vectors X and Y, the MAP estimate of X from the ob-
servation Y =y is an affine function of y and coincides
both with the MMSE estimate and the LMMSE estimate.

O

Note that, in this theorem as well as in the following
theorem, the “L” in LMMSE must be understood as
“affine” (= linear with offset).

Theorem 3 (LMMSE via Gaussian MAP Estimation): Let X
and Y be random variables (or vectors) with arbitrary
distributions but with finite means and with finite second-
order moments. Then, the LMMSE estimate of X based on
the observation Y = y may be obtained by pretending that
X and Y are jointly Gaussian (with their actual means and
second-order moments) and forming the corresponding
MAP estimate. a

The proof follows from noting that, according to the
orthogonality principle [47], the LMMSE estimate of X
based on Y =y depends only on the means and second-
order moments.

In a different direction, we also note the following fact.

Theorem 4 (Gaussian Max/Int Theorem): Let q(x,y) be a
quadratic form as in (127) with Wy positive definite. Then

[o¢]
/ ¢ 1) 4y ocmax e~ 1) (130)
— o~ minxqlxy) (131)
O

Note that the theorem still holds if q(x,y) is replaced
with [q(x,y) for any positive real 3.
Proof: We first note the following fact. If W is a
positive definite matrix and

q(x) £ (x—m)"W(x —m) +c (132)
= x"Wx — 2Re(x"Wm) + m"Wm + ¢ (133)

then
/ e 10 dx = ¢~ e (1) =) g (134)
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o0
=e ¢ / e W (136)
—00
[o.¢]
— o minxd(x) / e Wy (137)
—00

Now consider (127) as a function of x with parameter y, as
in (128). This function is of the form (133) with Wx
taking the role of W. It thus follows from (137) that

o0 o0
— . 3 _JH
/ o 10Y) gy = o minx q(xy) / e X WX gy
—00 —00

But the integral on the right-hand side does not depend
on y, which proves (131). ]
The minimization in (131) is given by the following

(138)

theorem.

Theorem 5 (Quadratic-Form Minimization): Let q(x,y) be
defined as in (127). Then

min q(x,y) = (y = my)" (Wy — Way Wy 'Waey) (y = my).
(139)

O
This may be proved by noting from (128) or (129) that

arg min q(x,y) = mx — Wy 'Wxy(y — my). (140)

Plugging this into (127) yields (139).
Finally, we also have the following fact.

Theorem 6 (Sum of Quadratic Forms): Let both A and B
be positive semi-definite matrices. Then

(x — a)"A(x — a) + (x — b)"B(x — b)
= x"Wx — 2Re(x"'Wm) + m"Wm + ¢  (141)

with

W =A+B (142)
Wm = Aa + Bb (143)
m = (A + B)" (Aa + Bb) (144)

and with the scalar

¢ = (a—b)"A(A +B)*B(a — b). (145)

O
The verification of (142) and (143) is straightforward.
A proof of (144) and (145) may be found in [33].

APPENDIX II
PROOFS OF TABLES 1-6

Proof of (I.1): From (56) and (54), we have

Vi =Vx+ Vx (146)

= Vx(Wx + Wx)Vx (147)

— VyWxVx (148)

and thus
— Wy Vi Wy (150)
Proof of (1.2): From (150) and (54), we have
Wx = WxVx(Wx — Wx) (151)
— Wy — Wy VxWy. (152)

Proof of (1.3) and (1.4): Are analogous to the proofs of
(I.1) and (I.2), respectively.

Proof of (I.5): Follows from multiplying both sides of
(55) by Vx.

Proof of (1.6): Using (1.4), we have

(153)

(154)

Inserting this into (1.5) yields (1.6).
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Proof of (II.1) and (I1.3): From the sum-product rule,
we immediately have

in(z) = / / ik (7iy (5)8(x — 2)6(y — 2)dxdy  (155)
xy

= pix(2) ty(2) (156)
Plugging in

ﬁX(X) o e_ﬂ(x_?"")ﬂw"(x_?"x) (157)

(158)

with VT/Z and \7/2;12 as in (IL.1) and (II.3), respectively.
Proof of (II.5) and (I1.6): The proof follows from the
fact that the marginals at all three edges coincide:

pix (s) px(s) = ﬁx(s)ﬁy(s)pz(s) (159)
= ﬁy(s)ﬁy(s) (160)
= ﬁz(s)ﬁz(s) (161)

Proof of (I1.7) and (I1.9): The computation of ﬁz
amounts to closing the box in the factor graph of Fig. 21.
In this figure, by elementary probability theory, the mean
of Z is the sum of the means of X and Y, and the variance
of Z is the sum of the variances of X and Y.

Proof of (II.12): From (11.7), we have

Vz+Vz =(Vx+ Vy)+ Vg (162)
and from (II.8) we have

Fig. 21. Proof of (11.7) and (11.9).
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and

We thus have

Vx+Vx=Vy+Vy=Vz+V; (165)

which by (56) implies (I1.12).
Proof of (III.1)-(III.4): By elementary probability
theory.

Proof of (II.5) and (II1.6): By the sum-product rule,
we have

ﬁx(x) = /5()) —AX)ZY()’)d)’ (166)
y

= ;Y (Ax) (167)

o o~ Aax—iny )Wy (Ax—iny) (168)

e (xHAH\X/yAX72R.e(xHAH‘X/YT;Y)) (169)

and comparison with (125) completes the proof.
Proof of (III.8): Using (1.2), (IIL.5), and (IIL.4),
we have

Wy = Wy — WxVxWy (170)
— ATWyA — AWy AVRAR WA 171)
= AT (Wy — WyVyWy)A 172)
=AW A. (173)

Proof of (I11.7): Using (II1.8) and (III.3), we have

mex = AHWyAmX

:AHWme.

(174)
(175)

Proof of (II.9): Using (1.2), (IIL.6), (IIL.5), and
(II1.4), we have

Wiy = (Wx — WxVxWy )y (176)
— A Wymy — AHWy AV AR Wy iny (177)
= A"(Wy — WyVyWy)my (178)
= A"Wymy. (179)

We will now need the following well known fact.
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Theorem 7 (Matrix Inversion Lemma [47]): Assume that
the (real or complex) matrices A, B, C, D satisfy

A=B'+cpicH (180)

and assume that both B and D are positive definite. Then A
is positive definite and

A~' =B —BC(D+ C"BC)"'CHB. (181)
O

Proof of (IV.2): By (IL.1) and (IIL.5), we have
Wy = Wy + AFWyA. (182)

Using the Matrix Inversion Lemma (Theorem 7 above)
yields

Vi = Vx — VxAT (Vy + AVxAT) AV, (183)
Proof of (IV.1): By (IL.3) and (IIL.6), we have

mz =W, (Wxmx + ATWymy) (184)

=V, Vi (mx + VA Wymy). (185)

Inserting (183) yields

My = (1 — VAT (Vy + AVXAH)’lA) (mx + VxATWymy)
(186)
— iy + VAT Wymy — VAl

- (Vy + AVxA®) A(my + VA Wyiny) (187)

=my + VXAJLI(;Y + A?XAH)’1

. (&Y + AVAT ) Wymy — (Amy + AVXAHVT/Y%Y))

(188)
= T?LX + ;XAH(;Y + A{l}xAH)il (TTlY - Aﬁx) (189)
Proof of (IV.6): By (11.7) and (III.1), we have

.: Factor Graph Approach to Model-Based Signal Processing

Using the Matrix Inversion Lemma (Theorem 7 above)
yields

Wz = Wy — WyA(Wy + APWxA) AWy, (191)

Proof of (IV.4): By (I11.9) and (IIL.2).
Proof of (IV.8): From (IV.4) and (IV.6), we have

‘7/2%2 = ‘;/Z(;‘X + Amy) (192)
— (Wx — WxAHATWy) (i + Armiy) (193)
= Wy + WyAH

(H Ty — A"Wymy — ATWxAmy)  (194)
= Wymy + WxAH(Wymy — A"Wymy).  (195)

Proof of Table 5 (Top): Let U be the kernel of the
surjective mapping ¢ : x + Ax and let U be its orthogonal
complement (in the space of x). Let x = xy + xy. be the
decomposition of x into xy € U and xy. € Ut. The
condition y = Ax is equivalent to the condition

Xy = A#y. (196)

We next note that U is spanned by the columns of A and
that U* is spanned by the columns of B, It follows that
(196) is equivalent to

X = A#y + B (arbitrary). (197)

Proof of Table 5 (Bottom): Let U be the image of the
injective mapping ¢ : x — Ax and let Ut be its orthogonal
complement (in the space of y). Let y = yy + yy: be the
decomposition of y into yy € U and yy. € Ut. The
condition y = Ax is equivalent to the two conditions

X = A#y (198)

and

yor = 0. (199)

We next note that Ul is the kernel of the mapping
y +— Afly and U is the kernel of the mapping y — B'y. It
follows that (199) is equivalent to By = 0.
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Proofs of (VI.I) and (VI.2): Are immediate from
(II1.2) and (IIL.1), respectively.

Proofs of (VI.3) and (V1.4): Are immediate from (II1.6)
and (IIL.5), respectively.

Proofs of (VI.5) and (V1.6): Are immediate from (III.2)
and (III.1), respectively.

APPENDIX III
FOURIER TRANSFORM ON
FACTOR GRAPHS

We review some key results of Forney [43] and adapt
(and simplify) them to the setting of the present paper.

The Fourier transform of a function f : R" — C is the
function f : R* — C given by

f(wl,...,wn)=/.../f(xl,...,xn)e—w...

e “Wrndy . dx,.  (200)

With x = (xy,...,%,)" and w = (wy, . ..,w,)", this may be

written as

f~(w) = /f(x)eiinxdx. (201)

The function f may be recovered from its Fourier
transform f by means of the inverse Fourier transform

(202)

1) = )" [ flo)ea.

We will use both F(f) and f (as above) to denote the
Fourier transform of f.
It is immediate from (200) that

]: /f(xl,XZ,Xg)dX_?, :f(wl,W2,W3)’w3:0. (203)

In words: marginalization in one domain corresponds to
zeroing in the other domain.
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The Fourier transform of a 1-D real zero-mean
Gaussian density is

(7

The Fourier transform of a general n-dimensional real
Gaussian density with covariance matrix V = wWlis

F (e toemWiem ) — g (g5)

(where 7 is the required scale factor to normalize the
density).

The Fourier transform may be carried out directly in a
factor graph as follows. Consider a factor graph for (some
factorization of) f(x;,...,x,) such that xj,...,x, are
represented by half-edges and xj1, . . . , X, are represented
by full edges. Create a new factor graph (with the same
topology) by the following procedure.

1) Replace each variable x; by its dual (“frequency”)

variable wy.

2) Replace each node/factor by its Fourier transform.

3) For each full edge, introduce a minus sign into one

of the adjacent factors.
The resulting factor graph will be called a dual factor graph
of the original factor graph. (The dual factor graph is not
unique due to the sign issue in step 3.)

_ Theorem 8 (Fourier Transform on Factor Graph): Let

f (w1, ...,w,) be the global function of a dual factor graph.
Then, the Fourier transform of

/ e /f(xl, vy X)Xt - - dXy (206)

Xp+1

is

/ .../f,(wh...,wn)dwkﬂ‘..dwn (207)

Wh+1

(up to a scale factor). m

Note that t~}}e factor graph is allowed to have cycles.
Note also that f is not the Fourier transform of f; only the
half-edge marginals (206) and (207) are a Fourier pair (up
to a scale factor).

Example 1: Let

flx1,x2,x3) = g1(x1,%3)g2 (%2, X3) (208)
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Fig. 22. Factor graph of (208).

Fig. 24. Factor graph of (210), which is equivalent to Fig. 23.

the factor graph of which is shown in Fig. 22. Then

]E/(wlawbw?»)
= & (w1, w3)g, (w2, —w3)
= / gl(wl, w3)g2 (LUZ, w4)6(w3 + w4)dw4 (210)

Wy

(209)

as shown in Figs. 23 and 24. Theorem 8 now claims that
the Fourier transform of

A
flxr,x2) = /f(x17 x2,x3)dx3 (211)
X3
is
~ ~
f(wl, u.)z) X f (wl, Wy, W3)dw3 (212)
the “closed-box” global function in Figs. 23 and 24. a

An outline of the proof of Theorem 8 goes as follows.
We first note that the Fourier transform of

A
e x2,x5) = g1(x1,x5)g2 (2, x5) (213)
is the convolution
~ 1 B N
flwr, wa, ws) = g/ /gl(wlaw3)g2(w25w4)
w3 Wy
- 6(ws + wy — ws)dwgdws  (214)

Fig. 23. Factor graph of (209), a dual factor graph of Fig. 22.

(see Figs. 25 and 26), which may be verified by direct
calculation of the inverse Fourier transform of (214).
Inserting ws = 0 changes Fig. 26 into Fig. 24 and Fig. 25
into Fig. 22 [the latter by (203)]. We have thus established
that the Fourier transform of Fig. 22 is indeed Fig. 24. But
the proof of this simple example is easily generalized to
general factor graphs by treating all full edges simulta-
neously like the edge x; in Fig. 22 and using the
corresponding generalization of (214).

We will use the following generalization of the Dirac
delta. If V is a subspace of R", we define &y by dy(x) =0
for x ¢ V and

(215)

[ 12 [ fwax

for any integrable function f. For dim(V) = 0, we define
8y (x) = 6(x), the Dirac delta.

Theorem 9 (Fourier Transform of Linear Constraints): Let
V be a subspace of R" and let V* be its orthogonal
complement. Then

F(bv(x)) ox byr(w). (216)

O

Proof: The main idea is to write dy as a limit of a
Gaussian distribution. Let k be the dimension of V. Let A
be an n X k matrix whose columns form an orthonormal
basis of V, and let A; be an n X (n — k) matrix whose
columns form an orthonormal basis of V. Note that ||Alx||
is the norm of the projection of x into V and ||ATx| is the

Fig. 25. Factor graph of (213).
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————————————————————————————

Fig. 26. Fourier transform of Fig. 25 (up to scale factor).

norm of the projection of x into V1. Let A = (Ag,4,),
which is a nonsingular n X n matrix. Then

8 2
Oy (x) o /}11_}1210 e ll4i] (217)
2 g 2
— Tim e Bll4(I"=3l4ix| (218)
B—00
= ghm eiﬁ‘xTAﬂAgxfngAlAlTx (219)
B—o0
= lim ef%xTADATx (220)
[B—00
with
A .
D = diag(1/8,...,1/6,8,...,0). (221)
S———
k times n—k times
Analoguously
by (x) o< lim e 7 AD AT (222)
= Jum o3 (4DAT) x (223)
B—00

where the last step follows from noting that ATA = I and
thus A~! = AT, The theorem then follows from noting that
(220) and (223) are a Fourier pair (up to a scale factor), as
is obvious from (205). ]

Example 2 (Equality Constraint): Let

V= {(xl,xz,X3)T€ R3 IX1=X2=X3}. (224)
Then
vt = {(xl,xz,X3)T ER:ix 30 + 33 20}. (225)
It follows that the Fourier transform of
by (x) = 6(x1 — x2)0(x2 — x3) (226)

1320 PROCEEDINGS OF THE IEEE | Vol. 95, No. 6, June 2007

is the sum constraint

byr (w) = 6(wy + wp + ws3) (227)

(up to a scale factor). o
With the Fourier transform of this example, applying
Theorem 8 to Fig. 25 yields Fig. 26.

Example 3 (Matrix Multiplication): Let A be a real matrix
(without any conditions on rank or aspect ratio). Let

V= {(xf,xg)T: X1 = sz} (228)

where x; and x; are column vectors of suitable dimensions.
Then

vt = {(xlT,xg)T: X, = —ATxl}. (229)
It follows that the Fourier transform of
by (x) = 6(x; — Axy) (230)
is
Syi(w) = &(wy + ATwy) (231)
(up to a scale factor). m

It follows from Examples 2 and 3 that the two factor
graphs in each of the Tables 2 and 4-6 are Fourier pairs
(up to a scale factor).
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